Generic coalescing binary black holes can emit anisotropic gravitational radiation. This causes a net emission of linear momentum that produces a gradual acceleration of the source. As a result, the final remnant black hole acquires a characteristic velocity known as recoil velocity or gravitational kick. The symmetries of gravitational wave emission are reflected in the interactions of the gravitational wave modes emitted by the binary. In particular, a kick is imparted to the source whenever modes of odd parity are not zero. We make use of the rich information encoded in the higher-order modes of the gravitational wave emission to infer the component of the kick along the line-of-sight (or radial kick ). We do this by performing parameter inference on simulated signals given by injected numerical relativity waveforms for non-spinning binaries and numerical relativity templates of aligned-spin binary black holes. We find that for even a modest radial kick of 120km/s, the posterior probabilities can exclude a zero kick at a signal-to-noise ratio of 15 using a single Advanced LIGO detector working at its early sensitivity. The measurement of a non-zero radial kick component would provide the first proof that gravitational waves carry linear momentum.
Introduction The detection of gravitational waves (GWs) from binary black holes (BBHs) by the Advanced LIGO [1] and Virgo [2] detectors has opened the long anticipated era of GW astronomy [3] [4] [5] [6] [7] . With LIGO soon entering its third observation run with improved sensitivity [8, 9] the detection of BBH signals will not only become routine but increase in strength. This will improve studies on the astrophysical distribution and origin of BBHs [10, 11] and enhance tests of General Relativity (GR) [5, 12, 13] .
GR predicts that gravitational waves carry linear momentum away from the source; however no measurement of this feature has yet been performed. In this letter we propose and demonstrate a simple method to infer the amount of net gravitational wave linear momentum emitted by BBHs via the measurement of the recoil velocity (or kick ) of the remnant black hole (BH) [14] [15] [16] [17] [18] .
The GW emission from a BBH can be written as a superposition of GW modes, h ,m , weighted by spin −2 spherical harmonics Y −2
,m as
,m (ι, ϕ)h ,m (Ξ; t − t c ), (1) Here, Ξ denotes the masses and spins of the individual components of the binary and (ι, ϕ) denote the polar and azimuthal angles describing the location of the observer (or conversely, the orientation of the binary). Binaries that emit anisotropic radiation excite odd-m modes 1 . As a result, after the two black holes coalesce, the 1 Note that the remnant of non-spinning equal mass binaries, for which odd-m modes are suppressed, and the source does not accelerate [14] .
resulting remnant BH inherits a characteristic velocity known as BH kick K. Its magnitude |K| depends solely on the mass ratio q = m 1 /m 2 (here we assume m 1 > m 2 ) and the individual spins (χ 1 , χ 2 ) of the binary and can reach values of ∼ 10 3 km/s in the most extreme cases [15, [18] [19] [20] [21] , enough to escape their host galaxies [22, 23] . Observers located at different positions around the source will see different projections of K onto their line of sight (or radial kicks K r ) and this will have an imprint on the observed signals. In fact, because the modes h ,m interact differently for given (ι, ϕ), the morphology of the observed signal will depend strongly on the location of the observer around it. In the remainder of this letter, we show how this can be exploited to infer the location of the observer with respect to the final kick. By combining this with estimates of |K| obtained via the estimation of the masses and spins of the binary, we show that K r can be estimated via GW observations. In particular, we show that for signal to noise ratios (SNR) of ρ = 15, posterior probability estimates for K r can exclude K r = 0 if the final BH has a velocity relative to the observer of K r ∼ 120km/s, using Advanced LIGO working at its early sensitivity.
We note that a method to estimate K r has already been proposed in [24] . In that work, the authors argue that K r = 0 produces a gradual Doppler shift of constant sign on the observed dominant (2, 2) mode of the GW signal. We note that the kick is caused by the asymmetric interaction of GW modes; and, therefore, any imprint of K r in the GW signal is included when adding all modes so that no artificial imparting of a Doppler arXiv:1806.11160v1 [gr-qc] 28 Jun 2018 shift to the (2, 2) mode should be needed 2 . Furthermore, because different observers around the source observe a very different interaction between the multiple GW modes, the difference between signals corresponding to different K r (or observed at different orientations) is more dramatic than a shift in the observed frequencies 3 . This allows us to obtain strong constraints of K r in the context of existing gravitational wave detectors at an SNR of ρ = 15 while SNRs of the order of ρ = 500 were needed in [24] .
Black hole kick frame For non-precessing binaries the direction of the angular momentum L is conserved, making it natural to define the polar (or inclination) angle ι from eqn. (1) as the angle between L and the line-of-sight. This way ι = 0 is parallel to L (source face-on to the observer) and ι = π/2 defines the orbital plane (source edge-on to the observer). While it is common practice to report the inferred value of ι for gravitational wave observations [26] , the azimuthal angle ϕ is generally regarded as a nuisance parameter due to its lack of physical significance in analyses that only use the (2, 2) mode. When one accounts for higher modes, the angle ϕ affects the morphology of the signal and produces an additional imprint that can be exploited to better understand the nature of the source. We note that this effect is stronger for larger mass ratio binaries [27, 28] .
Eventually, after the two BHs coalesce, the remnant BH settles into a linear motion with a constant final velocity, or kick K. In this study we will restrict to aligned-spin binaries constraining the kick to the XY − orbital plane with K z = 0. The direction of the kick,
, defines a preferred direction in the orbital plane of the binary. This allows us to define a kick frame of reference with angular coordinates (ι,φ = ϕ − ϕ K ). In this frame, the azimuth anglē ϕ measures the angle between the final kick and the projection of the line-of-sight onto the orbital plane. Given these definitions, the radial kick is written as
Analysis The data output of a GW detector can be expressed as d(t) = n(t)+h(t), with n and h representing background noise and some GW signal. The likelihood that d contains a GW matching template h( λ) with parameters λ is given by L( λ) = e [29] . Here, (a|b) denotes the noise weighted inner product 4R
2 Note that by definition, the (2, 2) and all other modes look the same in all directions for a given source (see Eq. (1)). 3 A study of the morphology of these signals and the physics behind it is beyond the scope of this work. However, an article addressing these details is already in preparation [25] . . Given the greater sampling of q ≤ 3, we confine our study to that regime. The color scale indicates the maximum value of the final kick K for given (q, χ ef f ).
spectral density of the detector noise [30] . In this work, we will average over different realizations of n by setting n = 0 and use synthetic numerical relativity (NR) waveforms [31] [32] [33] [34] [35] [36] [37] [38] [39] both as a model of the input GW signal h inj (or injection) and as templates h( λ).
4 . When n = 0, the likelihood L can be expressed by means of the optimal SNR of the injection ρ = (h inj |h inj )
and its overlap with our templates O(h inj |h( λ)) as e −ρ 2 (1−O)/2 [40] . As usual, the overlap is defined as O(a|b) = (a|b)/ (a|a)(b|b) [41] .
For given h inj , we sample L( λ) across the parameter space spanned by our NR templates, maximizing it over time of arrival, polarization and distance evaluating
and L = e −ρ 2 (1−M)/2 . Next we compute the marginalized likelihood for given K r and construct its posterior distribution assuming flat priors in all sampled parameters. In this analysis, we consider a single Advanced LIGO detector working at its predicted early sensitivity [8] and use a low frequency cutoff f 0 = 30Hz.
For the templates, h( λ), we use all the non-precessing NR waveforms available in the GeorgiaTech catalogue [42, 43] represented in Fig. 1 . NR waveforms naturally include higher modes and are trivial to express in their kick frame. Unlike analytic approximate models [44, 45] , NR waveforms cover a discrete family of BBH parameters, which limits our ability to sample L( λ). Because our NR bank is more densely populated for q < 3, we confine our study to this part of the parameter space.
In particular we will perform parameter estimation on reference waveforms (or injections) h inj corresponding two non-spinning sources with q = 2, 3 scaled to 100M and 200M . We choose such large masses in order to ensure that our simulations cover the full frequency band of the detector. Finally, in order to assess if K r = 0 could be ruled out using current observations, we consider the case of a source with parameters marginally consistent with GW150914. 5 . For each of these, we sample L( λ) over the NR catalogue using a grid in orientations (ι,φ) and total mass M = m 1 + m 2 with a resolution of δM = 0.5M , δφ = 0.1 and δ(cos ι) = 0.1.
Results Fig.2 shows the overlap between two injections h inj (Ξ inj ; ι inj ,φ inj ) corresponding to two edge-on BBH with our NR bank of templates h(Ξ; ι,φ) as a function of (ι,φ) and maximised over Ξ. In the left panel, the injection corresponds to a BBH with parameters consistent with GW150914. In the right panel, the injection is (q, M ) = (3, 100M ). The stronger higher modes of the latter produces a stronger dependence of the signal on its orientation, leading to a fast degradation of the overlap and better resolvability of the orientation. Note that higher modes are much weaker for a source like GW150914 with an overlap greater than 0.985 for all possible orientations and is 5 The corresponding BBH simulations are labeled as GT0446, GT0453 and GT0738 in the public GeorgiaTech waveform catalogue.
hard to constrain. 6 In all cases the real value K r,inj of the signal (in white bars) is well within the 1σ confidence region of the posterior, delimited by black bars. While we find that the uncertainty in the opening angle α is fairly constant with α inj , the uncertainty in cos α increases as α inj does, leading to larger uncertainties for low values of K r,inj , for which | cos α| is small. For fixed intrinsic parameters, the distribution of α is proportional to sin α causing posterior distributions to show larger tails toward the low |K r,est | end when |K r,inj | is large. This can lead the peak of the distribution to differ from the injected value in some cases. Similarly, we note the larger density of our bank in the low mass region (for which |K| is low) can cause a selection bias toward K r,est = 0, resulting in the bimodal shape of some of the shown distributions. The peak near zero disappears as we raise the SNR and the corresponding templates get down-weighted due to their lower overlap with our injection. All in all, we find that when |K r,inj | ≥ 120km/s we can obtain non-biased estimates with an uncertainty σ ≤ 25km/s so that K r = 0 is out of the 90% confidence interval of our posteriors. In fact, there is no support for K r = 0 for these cases. Such a measurement would 
corresponding to a non-spinning BBH with q = 2 M = 100M with varying orientations with respect to the observer. We consider an observed SNR ρ = 15 The values in the x-axis denote the velocity of the final black hole projected onto the line of sight, also denoted by white bars in the plot. The black bars delimit the 1σ confidence intervals of the distributions. For some cases, the larger density of our bank in the low mass ratio region leads to a selection bias toward Kr,est = 0. This gets alleviated when raising the SNR.
provide the first proof that GWs carry linear momentum. Fig.4 shows the standard deviation, σ, obtained for four different binaries with varying orientation as a function of K r,inj . An accurate estimation of K r requires the presence of a merger-ringdown signal with strong higher modes to measure the orientation of the source (and hence α) and some inspiral cycles to infer the parameters of the binary (and hence |K|). Since higher modes grow in strength with q, it is not surprising that estimates are more accurate (for fixed K r,inj ) for the (q, M ) = (3, 100M ) case (green) than for our reference source (q, M ) = (2, 100M ) used in Fig.3 (red) . For the 200M case (blue) only the the ringdown is in band, which makes difficult to obtain information from the parameters of the binary (hence of |K|). This leads to slightly less accurate estimates of K r for this source than for the M = 100M one (red) for most values of K r,inj . We find that K r can be estimated better than 20% for all these three BBHs, allowing the analysis to rule out K r = 0. This is not true for the GW150914-like case where the measurement of K r = 60 ± 34km/s is obtained in the best case when α = 0 due to its weak higher modes. Since current BBH observations have M < 100M [4-7, 13, 26, 47, 48] , modest mass ratios and are most probably face-on, it seems unlikely that K r = 0 could be ruled applying our analysis on them.
Conclusions BBHs radiate anisotropic GWs, imparting a recoil velocity, or kick, to the remnant BH. Detection of the recoil would provide the first proof that GWs carry linear momentum. In this letter, we have prescribed and demonstrated a method to infer the component of the final BH kick along the line-of-sight. The method relies on estimates of the inclination and azimuthal angles of the binary. While the former has been commonly reported for BBH observations, the azimuth has been treated as a nuisance parameter due to its lack of clear physical meaning. To address this, we express the GW templates in their kick frame, redefining the azimuth as the angle between the final kick and the projection of the line-of-sight onto the orbital plane. Performing parameter estimation on aligned-spin sources using NR templates, we have shown that modest kicks of K r ∼ 120km/s can be measured with standard deviations lower than 25km/s for SNR ρ = 15, using a single Advanced LIGO detector working at its early sensitivity. While ruling out a zero kick would require the observation highly inclined, unequal mass binaries with fairly large total mass, no such source has been observed. With Advanced LIGO about to commence its third observation run with improved sensitivity [8] and the development of searches targeting these sources [49] , there is hope for such observations to happen in the near future. Finally, we want to stress again that our study is clearly limited by the the discreteness of our NR template bank and should be taken as a proofof-concept. Future application of these methods to BBH observations should implement continuous waveform families including the effects of spins and higher modes [50] [51] [52] , after expressing waveforms in their kick frame.
